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Abstract 

In this paper we determine the at least 4-dimensional affine re¬ 
ductive homogeneous manifolds for an at most 9-dimensional simple 
Lie group or an at most 6-dimensional semi-simple Lie group. Those 
reductive spaces among them which admit a sharply transitive differ¬ 
entiable section yield local almost differentiable left A-loops. Using 
this we classify all global almost differentiable left A-loops L having 
either a 6-dimensional semi-simple Lie group or the group SL 3 {M.) as 
the group topologically generated by their left translations. Moreover, 
we determine all at most 5-dimensional left A-loops L with PSU 3 {C, 1) 
as the group topologically generated by their left translations. 


1 Introduction 

The affine reductive spaces are essential objects of differential geometry 
(cf. [8], |19| . |12ji. They are homogeneous manifolds G/H such that there 
exists an Ad(//)-invariant subspace m of the Lie algebra g of G that is 
complementary to the subalgebra h in g. 

The explicite knowledge of affine reductive spaces plays an important role 
in many investigations (cf. [2T], [1], [l3]). This paper is an application 
to differentiable loops since the affine reductive spaces are the key for the 
classification of almost differentiable left A-loops L; these are loops in which 
any mapping x [{ab)~^{a{bx))],a,b E L is an automorphism of L. The 
relations between them and reductive homogeneous spaces are explicitly 
discussed in [TO] . m and [T8] . 

Using the fact that the groups topologically generated by the left translations 
of almost differentiable left A-loops L are Lie groups (cf. [T7] ), we treat L as 
images of global differentiable sections a : G/H G, where G is a connected 
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Lie group, H is a closed subgroup containing no non-trivial normal subgroup 
of G such that the subset a{G/H) is invariant under the conjugation with 
the elements of H. Since the tangent space Ti{a{G/H)) is a complementary 
reductive subspace to the Lie algebra h of Lf the affine reductive spaces are 
crucial for the classification of almost differentiable left A-loops. 

In contrast to the compact connected Lie groups in which for any connected 
closed subgroup there is an reductive complement (cf. [12], p. 199), for non¬ 
compact Lie groups the situation is complicated already if they have small 
dimension. This is documented by Section 3 and Proposition 1201 where we 
determine all at least 4-dimensional affine reductive homogeneous spaces 
(g, h, m), such that g is either an at most 9-dimensional simple Lie algebra 
or it is isomorphic to s[ 2 (K) © g 2 , where g 2 is a 3-dimensional simple Lie 
algebra. 

The exponential images exp m of reductive complements m of the triples 
(g, h, m) obtained in Section 3 and in Proposition!^ yield local left A-loops. 
In Section 4 and Proposition 21 we discuss which of these left A-loops can 
be extended to global ones. They are precisely those exponential images 
exp m which form systems of representatives for the cosets {xH \ x G G} in 
G and do not contain any element conjugate to an element of H. 

Since differentiable Bruck loops have realizations on differentiable affine 
symmetric spaces G/H, where H is the set of fixed elements of an invo- 
lutory automorphism of G and a{G/H) is the exponential image of the 
(—l)-eigenspace of the corresponding automorphism of the Lie algebra g of 
G, the class of differentiable Bruck loops form a proper subclass of almost 
differentiable left A-loops. An important subclass of Bruck loops are the 
Bruck loops of hyperbolic type which correspond to Lie groups G and in¬ 
volutions r hxing elementwise a maximal compact subgroup of G (cf. [7|, 
64.9, 64.10). Almost differentiable left A-loops L having dimension at most 
3 and semi-simple Lie groups as the groups topologically generated by their 
left translations are classified in [T8|, Section 27 and in [6|. Hence in the 
following main result of this paper only at most 4-dimensional almost dif¬ 
ferentiable left A-loops occur. 

Theorem Let L be a connected almost differentiable left A-loop such that 
dim L > 4 and the group topologically generated by the left translations of L 
is semi-simple. 

If dim G = 6 then G is isomorphic to PS'L 2 (K) x G 2 , where G 2 is either 
PSL 2 {R) or S 03 {M) and the loop L is either a Scheerer extension of G 2 
by the hyperbolic plane loop EI 2 (cf. fWf . Section 22) or the direct product 
BI2 X ]Hl2. 

If the group G is simple and 7 < dim G <9 then G is isomorphic either to 
SLs{M.) or to PSUffC, 1). In the first case L is the b-dimensional Bruck loop 
of hyperbolic type having the group 503(M) as the stabilizer of e G L (cf. 
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p. 12). In the case G = PSU 3 {C, 1) every loop L with dim L < 6 is the com¬ 
plex hyperbolic plane loop Lq having the group Spins x 'S'02(lK)/((—1, ~1)) 
as the stabilizer of e & Lq (cf. p. 9). 

2 Some basic notions 

A binary system (L, •) is called a loop if there exists an element e G L such 
that X = e-x = x-e holds for all x G L and the equations a-y = b and x-a = b 
have precisely one solution which we denote hy y = a\b and x = bfa. Let 
(Li, •) and (L 2 , *) be two loops. The set L = Li x L 2 = {(a, 6) | a G Li, b G 
L 2 } with the componentwise multiplication is again a loop, which is called 
the direct product of Li and L 2 , and the loops (Li, •), (L 2 , *) are subloops 
of L. 

A loop is called a left A-loop if each mapping = XfyXxXy : L —)• L is an 
automorphism of L. 

Let G be the group generated by the left translations of L and let H be the 
stabilizer of e G L in the group G. The left translations of L form a subset 
of G acting on the cosets {xH;x G G} such that for any given cosets aH 
and bH there exists precisely one left translation A 2 with XzaH = bH. 

Conversely, let G be a group, H be a subgroup containing no normal non¬ 
trivial subgroup of G and cr:G/i/—)-Gbea section with (t{H) = 1 G G such 
that the set a{G/H) of representatives for the left cosets {xH,x G G} acts 
sharply transitively on the space G/H of {xH, x G G} (cf. [18], p. 18). Such 
a section we call a sharply transitive section. Then the multiplication defined 
by xH * yH = a{xH)yH on the factor space G/H or by x * y = a{xyH) 
on a{G/H) yields a loop L{(t). The group G is isomorphic to the group 
generated by the left translations of L{a). 

If G is a Lie group and ct is a differentiable section satisfying the above 
conditions then the loop L{(j) is almost differentiable. This loop is a left 
A-loop if and only if the subset a{G/H) is invariant under the conjugation 
with the elements of H. Moreover the manifold L is parallelizable since the 
set of the left translations is sharply transitive. 

Let Li be a loop defined on the factor space Gi/Hi with respect to a section 
(Ti : Gi/iLi ^ Gi the image of which is the set Mi C Gi. Let G 2 be a group, 
let : LIi — )■ G 2 be a homomorphism and {Hi,ip{Hi)) = {{x,ip{x))‘,x G 
Hi}. A loop L is called a Scheerer extension of G 2 by Li if the loop L 
is defined on the factor space (Gi x G 2 )/{Hi,ip{Hi)) with respect to the 
section a : (Gi x G 2 )/{Hi, (p{Hi)) Gi x G 2 the image of which is the set 
Ml X G2. 

If L is a connected almost differentiable left A-loop, then the group G topo¬ 
logically generated by the left translations of L within the group of auto- 
homeomorphisms is a connected Lie group (cf. [T7|; [18] . Proposition 5.20. 
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p. 75), and we may describe L by a differentiable section. 

Let L be a connected almost differentiable left A-loop. Let G be the Lie 
group topologically generated by the left translations of L, and let (g, [.,.]) 
be the Lie algebra of G. Denote by h the Lie algebra of the stabilizer H of the 
identity e G L in G and by m = Tia{G/H) the tangent space at 1 G G of the 
image of the section a : G/H G corresponding to L. Then m generates 
g and the homogeneous space G/H is reductive, i.e. we have g = m 0 h 
and [h, m] C m. (cf. [15], Proposition 5.20. p. 75) If [m, m] C h then the 
factor space G/H is an affine symmetric space ([E]) and the corresponding 
loop L is called a Brack loop. 


In our computation we often use the following facts about the Lie algebras 
s[ 2 (M) and S 03 (M). 

As a real basis of s[ 2 (M) we choose the following 



(cf. [9], pp. 19-20). 


With respect to this basis the Lie algebra multiplication is given by: 


[61,62] —2e3, [61,63]— 262, [63,62]—261. 

1.1 An element X = A 161 + A 262 T A 3 e 3 G sl 2 (M) is elliptic, parabolic or 
hyperbolic according whether 

k{X) = k{X, X) = Af + A| — A| is smaller, equal, or greater 0. 

The basis elements ei, 62 are hyperbolic, 63 is elliptic and the elements 62 + 63 , 
61 + 63 are both parabolic. All elliptic elements, all hyperbolic elements as 
well as all parabolic elements of sl 2 (IK) are conjugate in this order to 63 , to 
61 respectively to 62 + 63 (cf. [9], p. 23). There are 3 conjugacy classes of the 
one dimensional subgroups of PSL 2 {/^). As representatives of these classes 
we can choose exp 63 , exp 61 , exp 62 + 63 . There is precisely one conjugacy 
class C of the two dimensional subgroups of PSL 2 (^), as a representative 
of C we choose 

The Lie algebra of £2 is generated by the elements ei, 62 + 63 . 


According to [9] for the exponential function exp : 5 ^ 2 (K) SL 2 {R) we 
have 

exp A = G{k{X)) I + S{k{X)) X. 

Here is 


G{x) = 


coshy^ for 0 < X, 
cos ^/—x for 0 > X, 


VM Six) = 


sinh ^/x for 0 < x, 
sin P—x for 0 > x. 
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1.2 As a real basis of the Lie algebra S 03 (M) = SU 2 (C) we can choose the 
basis elements {iei, ie 2 , 63 }, where i^ = —1. Every element of S 03 (]R) is 
conjugate to 63 . 

If A E SO 3 (M) has the decomposition 

X = Aiiei + A 2 ie 2 + A 3 e 3 

then the normalized real Cartan-Killing form k : S 03 (]R) x S 03 (M) —)• M; 
k{X,Y) = |trace(adA adE) satishes 

k{X) = k{X,X) = -\l-Xl-Xl 

For the exponential function exp : SU 2 (C) — SU 2 {C) one has 


exp A = C{k{X)) I + S{k{X)) A, 


where C{x) = cosh(-v/—xi) and S{x) 


sinh(-v/—xi) 



Proposition 1. There is no connected almost differentiable left A-loop L 
such that the group G topologically generated by its left translations is a 
compact quasi-simple Lie group G with dim G <9. 


Proof. If G is a quasi-simple Lie group then it admits a continuous section 
if and only if G is locally isomorphic to S'08(M) (cf. [20], pp. 149-150). □ 


An important tool to exclude certain stabilizers H is the fundamental group 
TTi of a connected topological space. This shows the following lemma which 
is proved in m , p. 6 . 

Lemma 2. Denote by G a connected Lie group and by H a connected 
subgroup of G. Let a : G/H G be a global section. Then TrffK) = 
'Ki{a{G / H)) X 7 ri(Ai), where K respectively Ki is a maximal compact sub¬ 
group of G respectively H. 

^From [ 6 | we use Lemma 2, which reads as follows. 

Lemma 3. Let L be an almost differentiable loop and denote by m the 
tangent space Tia{G/H), where a : G/H G is the section corresponding 
to L. Then m does not contain any element of Adgh for some g G G. 
Moreover, every element of G can be uniquely written as a product of an 
element of a{G/H) with an element of H. 


3 Affine reductive spaces of small dimension 

In this section we determine all affine reductive homogeneous spaces (g, h, m), 
where g is a simple non-compact Lie algebra of dimension at most 9 and h 
is a subalgebra of g such that dim g — dim h > 3. 
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First we deal with the Lie algebra g = sl2(C). A real basis of g is given by 
{ei, 62,63, iei, ie2, iea}, where {61,62,63} is the basis of s[2(M) described by 
(*)• 

Using the classification of Lie (see Theorem 15 in [ 15 ], p. 129 ) we obtain 
that every 2 -dimensional Lie algebra h of g has (up to conjugation) one of 
the following shapes: 

hi = (61,62 + 63), h2 = (i(62 + 63),62 + 63), h3 = (63,^3), 

and every 1 -dimensional Lie algebra h of g is one of the following: 

h4 = (61), hs = (62 63), he = (63). 

Proposition 4 . The Lie algebra g = 512(C) is reductive with respect to the 
following pairs (h, m), where h is an at most 2-dimensional subalgebra of g 
and m is a complementary subspace to h generating g 

1) h3 = (63, ies), m = (ei, 62, iei, W2), 

2 ) h4 = (ei), nia = (62, 63,161-|-061, i62,263), where a 

3 ) he = (63), mf, = (ei,62,261,262, i63-I-663), where b^'R. 

Proof. The basis elements of an arbitrary complement mi to hi in g are 

Ai = 62 -I- 0161 -I- 61(62 -I- 63), X2 = i6i -I- 0261 -I- 62(62 + 63), 

^3 = 162 + asei + 63(62 + 63), Xi = ies -h 0461 -h 64(62 63), 

where aj, bj, j = 1 , 2 , 3,4 are real parameters. 

An arbitrary complement m2 to h2 in g has as generators 

Yi=ei+ 01(62 63) -h 6ii(62 -h 63), ¥2 = 02 + 02(62 63) 62i(62 63), 

>3 = iei -h 03(62 63) -h 63i(62 -h 63), Yi = ie2 + 04(62 + 63) -h 64i(e2 + 63), 

where aj, bj € M, j = 1, 2, 3 , 4 . 

We can choose as basis elements of an arbitrary complement m3 to h3 the 
following: 

.^1 = 61 -I- 0163 -I- 6ii63, Z2 = 62 -I- 0263 -I- 62ie3, 

Z3 = iei + 0363 + ^3163, -^4 = 162 + 0463 + 64ie3, 

where aj, bj € M, j = 1, 2, 3,4 are real numbers. 

An arbitrary complement m4 to h4 in g has as basis elements 

bFi = e2 + oiei, 1^2 = 63-1-0261, 113 = 161-1-0361, 

II4 = ie2 -I 0461, IT5 = ie3 -1 0564 

with the real parameters aj, j = 1 , 2 , 3 , 4 , 5 . 

The generators of an arbitrary complement ms to hs in g are 

Ui = 61-1 01(62-1 63), 1^2 = 62 + 02(62 + 63), +'3 = 161+03(62+63), 
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V 4 = 162 + 04(62 + 63), V5 = ies + 05(62 + 63), 

where aj, j = 1 , 2 , 3 , 4 , 5 are real parameters. 

An arbitrary complement mg to hg in g has as generators 

^^1 = 61 + 0163, 1/2 = 62 + 0263, C/3 = iei + 0363, 

C/4 = ie2 + 0463, C/5 = ie3 + 0563 

with 01,02,03,04,05 G M. 

Using the relation [hj, m*] C mj, i = 1 , - ■ ■ , 6, we obtain the contradictions 
that [e2 + 63,Xi] = 2 ei -201(62 + 63) G hi and [62 + 63,+!] = [62 + 63,1/1] = 
—2(62 + 63) G h2 n h5 and the assertion follows. □ 

Now we consider the Lie algebra g = sl3(M). It is isomorphic to the Lie 
algebra of matrices 

(A161 + A262 + A363 + A464 + A565 + Ag6g + A767 + Ascs) 

( —A5 — Xs Ai A2 \ 

A3 A5 Ag I ; Aj G M, i = 1 , • • • , 8. 

A4 A7 As / 

In this representation the Lie multiplication of g is given by 

[61,62] = [61,67] = [62, 6g] = [63,64] = [63, 6g] = [64,67] = [65,68] = 0, 

[61,6g] = [62,65] = -[62, 63] = 62, [61,63] = [62, 67] = -[61,65] = 61, 

[64,eg] = [63,63] = -[63,65] = —63, [63,67] = [64,65] = -[64,63] = —64, 

[66,63] = [65, eg] = [63,62] = eg, [61,64] = [65,67] = [67,63] = —67, 

[61,63] = —65, [62,64] = —63, [eg, 67] = 65 — 63. 

Now using the classification of Lie, who has determined all subalgebras of 
s[ 3(M) (cf. [ 15 ], pp. 288-289 and [Hj, p. 384 ) we obtain that every 4 - 
dimensional Lie algebra h of g has (up to conjugation) one of the following 
forms; 

hi = (ei, 62, eg, 65 + 663), h2 = (63, 65, eg, 63), hs = (ei, 62, eg, 63), 
h4 = (62, 65, eg, 63), hg + 0[2(K) = (eg, eg, 67, 63), where c G M. 

The 3 -dimensional subalgebras h of g (up to conjugation) are the following: 

hg + S03(M) = (61-63,62-64,67-66), h7+sl2(M) = (61+63,62+64,66-67), 
hs + s[ 2(M) = (eg - 63, eg, 67), hg = (0(65 + 63) + eg - 67, ei, 62), a > 0, 
hio = (eg — 63, 62 + 63, eg), hii = (63, eg, 63 + 62), hi2 = (62, eg, eg + 63 — 63), 
hi3 = (ei, 62, eg), hi4 = (eg, 63, eg), hig = (62, eg + eg, eg), hig = {eg, eg, eg), 
hi7 = (62, eg, {b - 1)65 + beg ,), C G M, his = {eg, eg, eg + ceg), c G M. 
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The 2 -dimensional subalgebras h of g are given (up to conjugation) by 

hi9 = (ee, 62 + 63), h2o = (ee, 62 + 63), h2i = (63, ee + 65), 

h22 = (63,65-h aes), aGM\{0,1}, h 23 = (65,66), h 24 = (62,60), 

1^25 = (66,63), h26 = (65,63), h27 = (66, 65 -I-63), h23 = (65,63), 

1^29 = (65 — 63, 62 + 63), h 30 = (65 + 63, 66 — 67). 

Moreover, every 1 -dimensional subalgebra h of g has one of the following 
shapes: 

h3i = (65 + aes), a G M\{0}, h32 = (62 63), 1133 = (62 63), 

h 34 = (65), h35 = (66 - 67 6(65 63)), 6 > 0. 

Proposition 5 . The Lie algebra g = 513 (M) is reduetive with respeet to a 4 - 
dimensional subalgebra h of g and a complementary subspaee m generating 
g only in the ease h5 = 0t2(K) and 015 = (61,62,63,64). 

Proof. The basis elements of an arbitrary complement m* to the subalgebra 
hj are; 

For i = 1 

63 + «l 6 l -I- 0262 + 03(65 + 663) -I- 0466, 64 -I- 6161 -I- 6262 + ^3(65 + 663) -I- 6466, 
67 + 6161 -I- C262 -I- 63(65 -I- 663) -I- C466, 63 -I- diei -I- ^262 + 6^3(65 + 663) -I- 6^466, 
for i = 2 

61 + 0163 -h 0265 -h 0366 + 0463, 62 6163 -h 6265 6366 + 6463, 

64 -|- C163 -|- C265 -|- 6365 + 6463, 67 -|- di63 -|- (^265 -|- (^366 + (^463, 

for i = 3 

63 + 0161 -|- 0262 -|- 0366 + 0463, 64 -|- 6161 -|- 6262 + ^366 + ^463, 

65 + C161 -I- C262 -I- 6366 + 6463, 67 -I- diei + (^262 + (^366 + 6^463, 

for i = 4 

61 -h 0162 0265 0366 + 0463, 63 6162 6265 + bsee + 6463, 

64 -|- C162 -|- C265 -|- 6366 + 6463, 67 -|- die 2 + 1^265 -|- d^CQ £^463, 

for i = 5 

61 + 0165 -I- 0266 + 0367 -I- 0463, 62 + 6165 -I- 6266 + ^367 + ^463, 

63 + C165 -|- 6265 -|- C367 -|- 6463, 64 -|- die^ -|- d2eQ -|- ^367 -|- (^463, 


where Oj, bj,Cj, dj are real numbers j = 1 , 2 , 3 , 4 . The assertion follows now 
from the relation [h, m] C m. □ 



Proposition 6. The Lie algebra g = sl3(M) is reductive with a 3 -dimensional 
subalgebra h and a b-dimensional complementary subspace m generating g 
in precisely one of the following cases: 

1 ) he =so 3(M), me = (65,68,ei + 63,62 + e 4,67 + 6e), 

2 ) hr = (ei + 63,62 + 64, ee - 67), mr = (65,63, ei - 63,62 - 64,67 + ee), 

3 ) hg = (65 — eg, 6e, 67), mg = (ei, 62, 63,64,65 + eg). 

Both Lie algebras hr and hg are isomorphic to sl2(K). 

Proof. The generators of an arbitrary complement m* to hj in g are: 

For i = 6 

63 + ai(ei - 63) + 02(62 - 64) + 03(67 - ee), 

64 + 6i(ei - 63) + 62(62 - 64) + 63(67 - ee), 

65 + ci(ei - 63) + 62(62 - 64) + 63(67 - ee), 

66 + di{ei - 63) + d2{e2 - 64) + ^3(67 - ee), 
es + /i(ei - 63) + /2(e2 - 64) + 73(67 - ee), 

for i = 7 

63 + ai(ei + 63) + 02(62 + 64) + 03(ee - 67), 

64 + 6i(ei + 63) + 62(62 + 64) + 63(ee - 67), 

65 + ci(ei + 63) + 62(62 + 64) + e3(ee - 67), 

66 + di{ei + 63) + d2{e2 + 64) + ^3(66 - 67), 

68 + /i(ei + 63) + 72(62 + 64) + 73(66 - 67), 

for i = 8 

61 + 01(65 - eg) + 0266 + 0367, 62 + 61(65 - eg) + 6266 + 6367, 

63 + 61(65 - eg) + 6266 + 6367, 64 + di{e5 - eg) + ^266 + (^367, 

65 + 7i( 65 - 6g) + 7266 + 7367, 

for i = 9 

63 + ai 6 l + 0262 + 03(66 - 67 + 0(65 + eg)), 

64 + 6161 + 6262 + 63(66 - 67 + 0(65 + eg)), 

65 + Ciei + 6262 + 63(66 - 67 + 0(65 + eg)), 

66 + diei + (7262 + dsiee - 67 + 0(65 + eg)), 

68 + 7 iei + 7262 + 73(66 - 67 + 0(65 + eg)), 

for i = 10 

61 + 01(62 + 63) + 02(65 - eg) + 0366, 62 + 61(62 + 63) + 62(65 - eg) + 6366, 
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64 + Cl(62 + 63) + 62(65 - 63) + C366, 65 + di{e 2 + 63) + ^2(65 - 63) + d^ee, 

67 + /l(e2 + 63) + /2(65 - 63) + /366, 

for i = 11 

Cl + 01(62 + 63) + 0263 + 0366, 62 + 61(62 + 63) + 6263 + 6366, 

64 + Cl (62 + 63) + C2C3 + C3C6, 65 + (ii(c2 + 63) + (^263 + (i3C6, 

67 + /i(62 + 63) + /263 + /366, 

for 7 = 12 

61 + 0162 + 0266 + 03(65 + 63 - 63), 63 + 6162 + 6266 + 63(65 + 63 - 63), 

64 + Cl62 + C2C6 + 63(65 + 63 - 63), 67 + (ii62 + (i2C6 + ^3(65 + 63 - 63), 

63 + /162 + /266 + 73(65 + 63 - 63), 

for 7 = 13 

63 + 0161+0262+0366, 64 + 6161 + 6262 + 6366, 65 + C161 + C262 + C366, 
67 + (ii6i + (6262 + ^366, 63 + /161 + /262 + /366, 

for 7 = 14 

61 + 0165 + 0266 + 0363, 62 + 6165 + 6266 + 6363, 63 + Cl 65 + C2C6 + C3C3, 

64 + (iiC5 + (i2C6 + (6368) 67 + /1C5 + /2C6 + /3C3, 

for 7 = 15 

Cl + 0162 + 02(65 + 63) + 0366, 63 + 61C2 + 62(65 + 63) + 63C6, 

64 + C1C2 + C2(C5 + 63) + C3C6, 65 + (iiC2 + (i2(c5 + 63) + 6^366, 

67 + /162 + 72(65 + 63) + 73C6, 

for i = 16 

61+0463+0266 + 0363, 62 + 6463 + 62C6 + 63C3, 64 + C1C3 + C2C6 + C3C3, 

65 + dies + d2ee + dseg, 67 + fics + 72C6 + 7368, 

for i = 17 and 6/0 

61 + O1C2 + 0266 + 03((6 - 1)C5 + 6C3), 63 + 6162 + 6265 + bs{{b - 1)C5 + 6C3), 
64 + Cl62 + C2C6 + C3((6 - 1)C5 + bes), 65 + die2 + (6266 + d 3((6 - l)c5 + 6C3), 

67 + 7i62 + 7266 + 73((6 - 1)65 + bes), 
for i = 17 and 6 = 0 

Cl + O1C2 + O2C6 — 0365, 63 + 6462 + 62C6 — 63C5, 64 + Cl 62 + C2C6 — C3C5, 

67 + diC2 + d2ee - (6365, 63 + 7iC2 + 7266 - 7365, 

for 7 = 18 
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ei + aies + 02(65 + ceg) + 0365, 62 + 6163 + 62(65 + ceg) + 6365, 

64 + 6463 + 62(65 + 663) + 6366, 67 + dies + ^2(65 + 663) + dsee, 
eg + /les + / 2(65 + 663) + / 366 , 

where aj,bj,Cj,dj, fj G M, j = 1 , 2 , 3 . Using the relation [hi, mi] C mi, 
i = 6, • • • , 18 , we obtain the assertion. □ 

Proposition 7 . The Tie algebra g = 513 (M) is reductive with respect to a 
pair (h, m), where h is a 2 -dimensional subalgebra of g and m is a comple¬ 
mentary subspace to h generating g in exactly one of the following cases: 

1 ) h26 = (65,63) and ni26 = (61,62,63,64,66,67). 

2 ) h3o = (65 + 63,66 - 67) and m3o = (61,62,63,64,65 - 63,65 + 67). 

Proof. An arbitrary complement m* to the subalgebra hj, i = 19 , • • • , 30 , in 
g has as generators in the case i = 19 

61 + 6166 + 61(62 + 63), 62 + 6265 + 62(62 + 63), 64 + 6365 + 63(62 + 63) 

65 + 6465 + 64(62 + 63), 67 + 6565 + 65(62 + 63), 63 + 6565 + 65(62 + 63), 

in the case i = 20 

61 + 6165 + 61(62 + 63), 62 + 6265 + 62(62 + 63), 63 + 6365 + 63(62 + 63), 

64 + 6465 + 64(62 + 63), 65 + 6565 + 65(62 + 63), 67 + 6565 + 65(62 + 63), 

in the case i = 21 

61 + 6163 + 61(65 + 65), 62 + 6263 + 62(65 + 65), 64 + 6363 + 63(65 + 65), 

65 + 6463 + 64(65 + 65), 67 + 6563 + 65(65 + 65), 63 + 6563 + 65(65 + 65), 

in the case i = 22 

61 + 6163 + 61(65 + 063), 62 + 6263 + 62(65 + 063), 64 + 6363 + 63(65 + 063), 
65 + 6463 + 64(65 + 063), 67 + 6563 + 65(65 + 063), 63 + 6563 + 65(65 + 063), 

in the case i = 23 

61 + 6165 + 6165, 62 + 6265 + 6265, 63 + 6365 + 6365, 

64 + 6465 + 6465, 67 + 6565 + 6565, 63 + 6565 + 6565, 

in the case i = 24 

61 + 6162 + 6165, 63 + 6262 + 6265, 64 + 6362 + 6365, 

65 + 6462 + 6465, 67 + 6562 + 6565, 63 + 6562 + 6565, 

in the case i = 25 

61 + 6163 + 6165, 62 + 6263 + 6265, 64 + 6363 + 6365, 

65 + 6463 + 6465, 67 + 6563 + 6565, 63 + 6563 + 6565, 


11 



in the case i = 26 

ei + 6165 + cies, 62 + 6265 + 0268, 63 + 6365 + C368, 

64 + 6465 + 6468, 65 + 6565 + 6568, 67 + 6565 + 6668, 

in the case i = 27 

61 + 6165 + 61(65 + 68), 62 + 6265 + 62(65 + 68) 63 + 6365 + 63(65 + 68), 

64 + 6465 + 64(65 + 63), 65 + 6566 + 65(65 + 63), 67 + 6566 + 65(65 + 68), 
in the case i = 28 

61 + 6166 + 6163, 62 + 6266 + 6268 63 + 6365 + 6363, 

64 + 6465 + 6463, 65 + 6566 + 6568, 67 + 6565 + 6668, 

in the case i = 29 

61 + 6i(e2 + 63) + 61(65 - 63), 62 + 62(62 + 63) + 62(65 - 63), 

64 + 63(62 + 63) + 63(65 - 63), 65 + 64(62 + 63) + 64(65 - 63), 

65 + 65(62 + 63) + 65(65 - 63), 67 + 65(62 + 63) + 65(65 - 63), 

in the case i = 30 

61 + 61(65 + 63) + 61(66 - 67), 62 + 62(65 + 63) + 62(66 - 67), 

63 + 63(65 + 63) + 63(65 - 67), 64 + 64(65 + 63) + 64(65 - 67), 

65 + 65(65 + 63) + 65(65 - 67), 65 + 65(65 + 63) + 00(65 - 67), 

where bj, G M, j = 1 , • • • , 6. The relation [hi, mi] C mi, i = 19 , • • • , 30 , 
yields the assertion. □ 

Proposition 8. The Lie algebra g = sl3(M) is reductive with a 1 -dimensional 
subalgebra h and a 7 -dimensional complementary subspace m generating g 
in precisely one of the following cases: 

1 ) h3i^i = (65 + 063), a G M\{0,1, -i, -2} and 
mt, = (61,62,63,64,65,67,68 + 6(65 + aeg)), 6 G M, 

2 ) h3i,2 = (65 - 263) and 

mfe,c,d = (65, 67, 61 + 6(65 - 263), 63 + 0(65 - 263), 62,64, 68 + d(65 - 268)), 
b,c,d£ M, 

3 ) h3i,3 = (65 - ^68) and 

mfe,c,d = (65,67,61,62 + 6(65 - ^63), 63, 64 + c(65 - ^63), 68 + d{e5 - leg)), 
b,c,d^ M, 

4 ) h3i,4 = (65 + eg) and 

= (ei, 62, 63, 64, 65+6(65+63), 67+6(65+63), eg+d{e5+eg)), b,c,de M, 

5 ) h32 = (62 + eg) and m^ = (61,62,63, -63 + 264,65,67,65 + deg), d G M, 

6 ) h35 = (66 - 67 + 6(65 + 63)), 6 > 0 and 

Hic = (61,62,63,64,66 + 67,65 - 63,63 - 2 c67 + 2 cbeg), c G M. 
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Proof. An arbitrary complement rrij to the subalgebra hj, i = 31 , • • • , 35 , in 
g has as generators in the case i = 31 

ei + ai(e5 + aeg), 62 + 02(65 + 068), 63 + 03(65 + 068), 64 + 04(65 + 063), 
66 + 05(65 + 063), 67 + 06(65 + 063), 63 + 07(65 + 063), 
in the case i = 32 

61+01(62 + 63), 63 + 02(62 + 63), 64 + 03(62 + 63), 65 + 04(62 + 63), 

66 + 05(62 + 63), 67 + 06(62 + 63), 63 + 07(62 + 63), 
in the case i = 33 

61+01(62 + 63), 63 + 02(62 + 63), 64 + 03(62 + 63), 65 + 04(62 + 63), 

66 + 05(62 + 63), 67 + 05(62 + 63), 63 + 07(62 + 63), 

in the case i = 34 

61 + 0166, 62 + 0266, 63 + 0366, 64 + 0466, 65 + 0566, 

67 + 0565, 68 + 0766, 

in the case i = 35 

61 + 01(66 - 67 + 6(65 + 63)), 62 + 02(65 - 67 + 6(65 + 63)), 

63 + 03(66 - 67 + 6(65 + 63)), 64 + 04(65 - 67 + 6(65 + 63)), 

65 + 05(66 - 67 + 6(65 + 63)), 67 + 06(66 - 67 + 6(65 + 63)), 

63 + 07(66 - 67 + 6(65 + 63)), 

where aj G M, j = 1 , • • • 7 . Using the relation [hi, mi] C mi, i = 31 , • • • , 35 , 
we obtain the assertion. □ 

Now we deal with the Lie algebra SU3(C, 1 ). It can be treated as the Lie 
algebra of matrices 

(A161 + A262 + A363 + A464 + A565 + A666 + A767 + AgCg) 

( —Aii —A2 — Agi A4 + A5i \ 

A2 ~ Agi Aii + A6i A7 + Agi 1 ; Aj G M, i = 1 , • • • ,8. 

A4 — A5i A7 — Agi —Xei J 

Then the multiplication of g is given by the following: 

[61,66] =0, [63,62] =2ei, [64,65] = 2(ei — 65), [63,67] = 2e6, 

[66,63] = [67,64] = [63,65] = -[61,63] =62, 

[62,65] = [64,63] = [67,65] = -[62,61] =63, 
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1 ^ 7 , 62 ] — [eSjCs] — [65,66] — [61,65] —64, 

[68562] = [67,63] = [66,64] = [64,61] = 65, 

[62.64] = [63,65] = [63,61] = -[68,65] =67, 

[62.65] = [64,63] = [61,67] = ^[66,67] =68. 

The normalized Cartan-Killing form k : SU3(C, 1 ) x SU3(C, 1 ) —)• M is the 
map {X,Y) !->■ j^trace(adXady) = ^trace(Xy). An element X = Aj6j G 
SU3(C, 1 ), Aj G M, i = 1 , • • • ,8, is elliptic, parabolic or loxodromic according 
whether 

k{X) = k{X,X) = -Xl - Ai - Ai - Ai + Al + Ai + Af + Ai - 2 AiA 6 
is smaller, equal or greater 0. 

Let H he a connected closed subgroup of the group PSU^^C,!). Then 
according to [I], Satz 1, p. 251 and [ 2 ], Section 5 , p. 276 , the group H is, 
up to conjugacy, one of the following: 

(1) 77 is a subgroup of Spins x 'S'02(M)/((—1, —1)), 

(2) 77 is a subgroup of the 5 -dimensional solvable group NGi^i in [I], p. 
253 , 

( 3 ) 77 is the group S'L2(M) x S'02(IR)/((— 1 , — 1 )), 

( 4 ) 77 is the group S'L2(M) x {!}/((— 1 , 1 )) = PS'L2(M), 

( 5 ) 77 is the connected component of the group 5'03(M, 1 ) = PS'L2(M). 

The Lie algebras hj, i = 1 , • • • , 5 , of 77 in the cases ( 1 ) till ( 5 ) are given in 
this order by 

hi = (61,62,63,65), h2 = (61 — ^66, 68, 64 — 63, 65 + 62, 66 + 67), 
h 3 = (61,66,67,68), h 4 = (66,67,68), h5 = (62,64,67). 

After a straightforward calculation in h2 we obtain that the conjugacy 
classes of the 4 -dimensional subalgebras of SU3(C, 1 ) are the following: 

hi = (6l, 62, 63, 65), h2 = (64 — 63, 62 -I- 65, 66 + 67, 63), 

h3 = (61 — 566 + 068, 64 — 63, 62 + 65,66 + 67), h4 = (ei, 66,67, 63), 

where o G M. 

Computations in hi and h2 yield that the 3 -dimensional subalgebras of 
5U3(C, 1) have one of the following shapes: 

hs = (ei, 62,63), h6 = (62,64,67), h7 = (66, 67, 63), 

hs = (65 + 62,66 -7 67,63), hg = (64 -63 + 668,65 -7 62,66 -b 67), 

hio = (64 - 63 -b 6(65 -b 62), 66 -b 67, 68 -b c( 65 -b 62)), 

hll = (61 - ^66 -b I c(64 - 63) - §6(65 -b 62), 68 -b 6(64 - 63) -b c(65 -b 62), 

66 + 67), where 6, c G M. 
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Similarly we obtain that every 2 -dimensional subalgebra of SU3(C, 1 ) has one 
of the following forms; 

hi2 = (ei, ee), hi3 = (04 — 63, eg + 67), 
hl 4 = (65 + 62 + 6(64 - 63), 66 + 67), his = (64 “ 63, 63 + 6(60 -|- 67)), 

hl6 = (65 + 62 + 6(64 - 63), 68 + e(66 + 67)), 

hl 7 = (66 + 67, 68 + 6(64 - 63) -h e(65 -b 62)), 

hl8 = (66 + 67 -b 0(64 - 63) -b 6(65 -b 62), 68 + c( 64 - 63) -b d(e5 -b 62)), 

hl9 = (61 - ^66 -b 068 + 6(64 - 63) -b C(e5 -b 62), 60 “b 67), 

h20 = (61 - 566 + §0(64 - 63) - §6(65 -b 62) - ^^^-2^(66 + 67), 

68 + 6(64 - 63) -b 0(65 -b 62) -b c( 66 -b 67)), 

where a, b, c, d € R and in the Lie algebra hi8 one has be — ad = 

Moreover, every 1 -dimensional subalgebra h of g is given by 

h2i = (61 -b oee), h22 = (ee), h 23 = {eg), 

h 24 = (ee + 67 -b ces), h25 = (es -b 62 -b b{eQ -b 67) -b ceg), 

h .26 = (64 - 63 -b 0(65 -b 62) + 6(66 + 67) + ces), 

h27 = (ei - ^66 + d{ei - 63) -b 0(65 -b 62) + 6(65 + 67) -b ceg), 

where a, 6, c, d are real numbers. 

Proposition 9 . The Lie algebra 5 U^{C, 1 ) is reductive with a A-dimensional 
subalgebra h and a complementary subspace m generating g if and only if 
the following holds: 

1 ) hi =so3(M) ©so2(M) = (61,62,63,66) and mi = (64,65,67,63), 

2) h4 =s[2(M) ©so2(M) = (61,66,67,63) and m4 = {62,6^,64^,65). 

Proof. For the basis elements of an arbitrary complement m to hi in g we 
have 

64 -b oiei -b 6162 -b 6163 -b diee, 65 -b 0261 -b 6262 + 6263 -b (6260, 

67 -b 0361 -b 6362 + 6363 -b dgee, 68 -b 0461 -b 6462 -b 6463 -b (6466 

with the real numbers Oj, bi, Ci, di, i = 1 , 2 , 3 , 4 . 

An arbitrary complement m to h2 in g has as generators 

61 -b 01(64 - 63) -b 61(65 -b 62) + ci(e6 + 67) -b dies, 

62 + 02(64 - 63) -b 62(65 -b 62) + 62(66 + 67) -b d2es, 

63 + 03(64 - 63) -b 63(65 -b 62) + 63(66 + 67) -b dges, 

66 -b 04(64 - 63) -b 64(65 -b 62) + 64(66 + 67) -b ^468, 
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where a*, hi, Ci, di, i = 1, 2, 3,4 are real parameters. 

The basis elements of an arbitrary complement m to ha in g are 

es + ai(ei - + oes) + 61(64 - 63) + ci(e2 + 65) + di{eQ + 67), 

65 + 02(61 - \eQ + oes) + 62(64 - 63) + 62(62 + 65) + d2{eQ + 67), 

67 + 03(61 - 566 + 063) + 63(64 - 63) + 63(62 + 65) + daieQ + 67), 

68 + 04(61 - 566 + 068 ) + 64(64 - 63) + 64(62 + 65) + di{eQ + 67), 
where a^, 6*, c*, d* G M, i = 1, 2, 3 , 4 . 

As the generators of an arbitrary complement m to h4 in g we can choose 
the following: 

62 + 0161 + 6166 + 6167 + dies, 63 + 0261 + 6266 + 6267 + d2es, 

64 + 0361 + 6365 + C367 + d^eg, 65 + 0461 + 646(5 + 646(5 + d/iCg, 

where ai,bi,Ci,di, i = 1 , 2 , 3,4 are real numbers. 

Now the assertion follows from the relation [h, m] C m. □ 

Proposition 10 . The Lie algebra g = SU3(C, 1 ) is reductive with respect 
to precisely one of the following pairs (h, m), where h is a ?>-dimensional 
subalgebra of g and ui is a complementary subspace to h generating g." 

1 ) he =s[2(M) = (62,64,67) and me = (61,63,65,66,68), 

2 ) h7 ^s[2(M) = (66,67,63) and m7 = (ei - 566,62,63,64,65). 

Proof. An arbitrary complement m* to the subalgebra hj, i = 5 , • • • , 11 , in 
g has as generators in the case i = 5 

64 + 0161+6162 + 6163, 65 + 0261+6262 + 6263, 66 + 0361 + 6362 + 6363, 

67 + 0461 + 6462 + C463, 68 + 0561 + 6562 + 6563, 

in the case i = 6 

61 + 0162 + 6164 + Cl 67, 63 + 0262 + 6264 + C267, 65 + 0362 + 6364 + C367, 

66 + 0462 + 6464 + C467, 68 + 0562 + 6564 + C567, 

in the case i = 7 

61 + 0166 + 6167 + 6168, 62 + 0266 + 6267 + 6263, 63 + 0366 + 6367 + 6363, 

64 + 0466 + 6467 + 6463, 65 + 0566 + 6567 + 6563, 

in the case i = 8 

61 + 01(62 + 65) + 61(66 + 67) + 6168, 62 + 02(62 + 65) + 62(66 + 67) + 6268, 
63 + 03(62 + 65) + 63(66 + 67) + C368, 64 + 04(62 + 65) + 64(66 + 67) + C468, 
66 + 05(62 + 65) + 65(66 + 67) + C568, 

in the case i = 9 
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ei + ai(e2 + 65) + bi{eG + ej) + ci(e 4 - 63 + fees), 

62 + 02(62 + 65) + 62(66 + 67) + 62(64 - 63 + beg), 

63 + 03(62 + 65) + 63(66 + 67) + 63(64 - 63 + 663), 

66 + 04(62 + 65) + 64(66 + 67) + 64(64 - 63 + bes), 

eg + 05(62 + 65) + 65(66 + 67) + 65(64 - 63 + beg), 

in the case i = 10 

61 + 01(64 - 63 + 6(62 + 65)) + 61(66 + 67) + Ci(68 + 6(62 + 65)), 

62 + 02(64 - 63 + 6(62 + 65)) + 62(66 + 67) + 62(68 + 6(62 + 65)), 

63 + 03(64 - 63 + 6(62 + 65)) + 63(66 + 67) + 63(68 + 6(62 + 65)), 

65 + 04(64 - 63 + 6(62 + 65)) + 64(66 + 67) + 64(68 + 6(62 + 65)), 

66 + 05(64 - 63 + 6(62 + 65)) + 65(66 + 67) + 65(68 + 6(62 + 65)), 

and in the case i = 11 

62 + ai(6i - ^66 + |c(64 - 63) - §6(65 + 62)) + 

61(68 + 6(64 - 63) + c(65 + 62)) + 61(66 + 67), 

63 + 02(61 - ^66 + §6(64 - 63) - §6(65 + 62)) + 

62(68 + 6(64 - 63) + 6(65 + 62)) + 62(66 + 67), 

64 + 03(61 - ^66 + §6(64 - 63) - §6(65 + 62)) + 
hies + b{ei - 63) + 0(65 + 62)) + 63(66 + 67), 

65 + 04(61 - ^66 + §6(64 - 63) - §6(65 + 62)) + 

64(68 + 6(64 - 63) + 6(65 + 62)) + 64(66 + 67), 

67 + 05(61 - ^66 + §6(64 - 63) - §6(65 + 62)) + 
hies + &(64 - 63) + 6(65 + 62)) + 65(66 + 67), 

where oj, bj, 6j G M, j = 1 , • • • , 5 . The relation [hi, mi] C mi, i = 5 , • • • , 11 , 
yields the assertion. □ 

Proposition 11 . The Lie algebra g = SU3(C, 1 ) is reductive with respect to 
the following pairs (h, m), where h. is a 2-dimensional subalgebra of g and 
m is a complementary subspace to h generating g, if and only if one of the 
following holds: 

1 ) hi2 = (61,66) and mi2 = (62,63,64,65,67,68), 

2 ) h20 = (61 - ^66 + §0(64 - 63) - §6(65 + 62) - + 67), 

68 + 6(64 - 63) + 0(65 + 62) + 6(66 + 67)) 

and 

m2o = (66 + 67,62 + 65,64 - 63,64 - beg + 2o6i - 066, 62 + aeg + 266 i - be^, 
66 + 668 + ^65 — 064), a,b,c ^ M. 
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Proof. An arbitrary complement rrij to the subalgebra hj, i = 12 , • • • , 20 , in 
g has as generators in the case i = 12 

62 + 0161+6166, 63 + 0261 + 6266, 64 + 0361 + 6365, 

65 + 0461+6466, 67 + 0561 + 6566, 68 + 0661 + 6666, 

in the case i = 13 

61 + 01(64 - 63) + 61(66 + 67), 62 + 02(64 - 63) + 62(66 + 67), 

63 + 03(64 - 63) + 63(66 + 67), 65 + 04(64 - 63) + 64(66 + 67), 

66 + 05(64 - 63) + 65(66 + 67), 68 + 05(64 - 63) + 65(65 + 67), 

in the case i = 14 

ei + 01(62 + 65 + 6(64 - 63)) + 61(66 + 67), 

62 + 02(62 + 65 + 6(64 - 63)) + 62(66 + 67), 

63 + 03(62 + 65 + 6(64 - 63)) + 63(65 + 67), 

64 + 04(62 + 65 + 6(64 - 63)) + 64(66 + 67), 

66 + 05(62 + 65 + 6(64 - 63)) + 65(65 + 67), 

68 + 05(62 + 65 + 6(64 - 63)) + 65(65 + 67), 

in the case i = 15 

61 + 01(64 - 63) + 61(68 + 6(66 + 67)), 

62 + 02(64 - 63) + 62(68 + 6(65 + 67)), 

63 + 03(64 - 63) + 63(68 + 6(66 + 67)), 

65 + 04(64 - 63) + 64(68 + 6(66 + 67)), 

66 + 05(64 - 63) + 65(68 + 6(65 + 67)), 

67 + 05(64 - 63) + 65(68 + 6(66 + 67)), 

in the case i = 16 

ei + 01(65 + 62 + 6(64 - 63)) + 61(68 + c(66 + 67)), 

62 + 02(65 + 62 + 6(64 - 63)) + 62(68 + c(66 + 67)), 

63 + 03(65 + 62 + 6(64 - 63)) + 63(68 + c(66 + 67)), 

64 + 04(65 + 62 + 6(64 - 63)) + 64(68 + c(66 + 67)), 

66 + 05(65 + 62 + 6(64 - 63)) + 65(68 + 6(65 + 67)), 

67 + 05(65 + 62 + 6(64 - 63)) + 65(68 + 6(66 + 67)), 
in the case i = 17 

61 + 01(65 + 67) + 61(68 + 6(64 - 63) + c(65 + 62)), 
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62 + 02(66 + 67) + 62(68 + 6(64 “ 63) + c(e5 + 62)), 

63 + 03(66 + 67) + 63(68 + 6(64 - 63) + c(65 + 62)), 

64 + 04(66 + 67) + 64(68 + 6(64 - 63) + e(65 + 62)), 

65 + 05(66 + 67) + 65(68 + 6(64 - 63) + c(65 + 62)), 

66 + 06(66 + 67) + 65(68 + 6(64 - 63) + c(65 + 62)), 

in the case i = 18 

6 1 +01(66 + 67 + 0(64 - 63) + 6(65 + 62)) + 61(68 + c( 64 - 63) + (i(65 + 62)), 

62 + 02(66 + 67 + 0(64 - 63) + 6(65 + 62)) + 62(68 + c(64 - 63) + d{e5 + 62)), 

63 + 03(66 + 67 + 0(64 - 63) + 6(65 + 62)) + 63(68 + c(64 - 63) + d{e5 + 62)), 

64 + 04(66 + 67 + 0(64 - 63) + 6(65 + 62)) + 64(68 + c(64 - 63) + d{e5 + 62)), 

65 + 05(66 + 67 + 0(64 - 63) + 6(65 + 62)) + 65(68 + c(64 - 63) + d{e5 + 62)), 

66 + 06(66 + 67 + 0(64 - 63) + 6(65 + 62)) + 65(68 + c(64 - 63) + ^(65 + 62)), 

in the case i = 19 

62 + 01(61 - ^66 + 068 + 6(64 - 63) + c(65 + 62)) + 61(65 + 67), 

63 + 02(61 - 566 + 068 + 6(64 - 63) + c(65 + 62)) + 62(66 + 67), 

64 + 03(61 - 566 + 068 + 6(64 - 63) + c(65 + 62)) + 63(65 + 67), 

65 + 04(61 - ^66 + 068 + 6(64 - 63) + c(65 + 62)) + 64(65 + 67), 

67 + 05(61 - 566 + 068 + 6(64 - 63) + c(65 + 62)) + 65(66 + 67), 

68 + 00(61 - ^66 + 068 + 6(64 - 63) + c(65 + 62)) + 65(65 + 67), 

and in the case i = 20 

62 + ai(6i - ^66 + |o(64 - 63) - §6(65 + 62) - ^^^-3^(66 + 67)) + 

+61(68 + 6(64 - 63) + 0(65 + 62) + c(66 + 67)), 

63 + 02(61 - ^66 + §0(64 - 63) - §6(65 + 62) - ^^^-2^(66 + 67)) + 

+62(68 + 6(64 - 63) + 0(65 + 62) + c(66 + 67)), 

64 + 03(61 - ^66 + §0(64 - 63) - §6(65 + 62) - ^^^-2^(66 + 67)) + 

+63(68 + 6(64 - 63) + 0(65 + 62) + c(66 + 67)), 

65 + 04(61 - ^66 + |o(64 - 63) - §6(65 + 62) - ^^^2^(®6 + 67)) + 

+64(68 + 6(64 - 63) + 0(65 + 62) + c(66 + 67)), 

66 + 05(61 - ^66 + |o(64 - 63) - §6(65 + 62) - ^ (66 + 67)) + 

+65(68 + 6(64 - 63) + 0(65 + 62) + c(66 + 67)), 

67 + 05(61 - ^66 + |o(64 - 63) - §6(65 + 62) - ^ (66 + 67)) + 

+65(68 + 6(64 - 63) + 0(65 + 62) + c(66 + 67)), 

where aj,bj G K, j = l,---6. Using the relation [hi, mi] C mi, i = 
12, • • • , 20, we obtain the assertion. □ 
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Proposition 12 . The Lie algebra g = SU3(C, 1 ) is reductive with a 1 - 
dimensional subalgebra h and a 7 -dimensional complementary subspace m 
generating g in precisely one of the following cases: 


1) h = {ei-2efs), mb^c,d = {e2-\-b{ei - 2ee), e^-\-c{ei - 2ee), ee-\-d{ei - 26^), 
^4, 65, ey, es), when b,c,d^ M, 

2 ) h= (ei + ee) and nib^c,d = (e2, 63, 67, es, 64 + d{ei + ee), 65 + 6(ei + ee), 
66 + c(ei + ee)) with b,c,dG M, 

3 ) h= (ei - \e(f), va.b^c,d = (e2, 63, 64,65, ee + 6(ei - ^ee), 67 + c(ei - ^ee), 

68 + d{ei — ^60)) and b,c,d^ M, 

4 ) ha = (61 + aee) and nib = (62,63,64,65,66 + 6(61 + 060), 67, 68), 
where a G M\{——2,1}, b,c,d£ M, 

5 ) h.= (60) and = (61 +060,62,63,64,65,67,68), a G M, 

6 ) h= (es) and = (61 + 068,62,63,64,65,65,67), o G M, 

7 ) h = (60 + 67 + 663) and = (61 + bees, 62,63,64,65,60 + 67, 67 - ^68) 
with c G M\{ 0 }, 6 G M, 

8 ) hb^c = (es + 62 + 6(60 + 67) + ces) and = (61 - 62 + ^eg, 

eg + edeg, 67 - ^^68, 64 - 63,62 + 65, 60 + 67), where 6, c, d G M, c 7^ 0 , 


68, 65 + 62,60 + 67, 


9) ha,b,c = (64 - 63 + 0(65 + 62 ) + 6(60 + 67 ) + ceg) and 
ma = (62 - dceg,eg - l±L^^eg, 60 - a^+a-bc+dc^+dc^w 

64 - 63, 61 + bc+c^a-a-a^+c^d-c^d-c^a^d ^^^ O, 6 , 6 , d G M, 6 7^ 0 , 

10 ) h.a^b,c,d = (ei - ^60 + d{ei - eg) + 0(65 + 62) + 6(65 + 67) + ceg) and 
m/ = (66 + 67,64-63,65 + 62,63 + /(6i-i66 + C68),62 -y64-^6i-^67 + 

2d b 

-g^ 8 , 67 — -eg 


I a id 8ac—4/++24/+—9/+12d / 1 , n, 

+ + 762, eg 2 (' 8 dr.- 3 n-l- 4 f),r'^'l (®1 ~ 2®6 + 663)), 


where a, b, c,d,fG 


2 {8dc— 3a+4ac^) 

“, c 7^ 0 , 8 dc — 3 o + 4 oc^ 7^ 0 . 


Proof. An arbitrary complement m* to the subalgebra hj, i = 21 , • • • , 27 , in 
g has as generators in the case i = 21 

62 + fli(ei + O60), 63 + 02(61 + O60), 64 + 03(61 + 060), 65 + 04(61 + 065), 
60 + 05(61+060), 67 + 00(61 + 060), 68 + 07(61 + 060), 

in the case i = 22 


61+0166, 62 + 0266, 63 + 0360,64 + 0460, 
65 + 0560, 67 + 0060, 63 + 0760, 

in the case i = 23 

61 + 0168, 62 + 0268, 63 + 0368, 64 + 0468, 
65 + 0563, 60 + 0068, 67 + 0768, 
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in the case i = 24 

ei + ai(e6 + 67 + ceg), €2 + 02(66 + 67 + ceg), 

63 + 03(66 + 67 + ces), 64 + 04(66 + 67 + ceg), 

65 + 05(66 + 67 + ces), 67 + 06(66 + 67 + ces), 
eg + ariee + 67 + ceg), 

in the case i = 25 

61 + 01(65 + 62 + 6(66 + 67) + ces), 62 + 02(65 + 62 + 6(66 + 67) + 663), 

63 + 03(65 + 62 + 6(66 + 67) + 663), 64 + 04(65 + 62 + 6(66 + 67) + 663), 

66 + 05(65 + 62 + 6(66 + 67) + 663), 67 + 05(65 + 62 + 6(66 + 67) + ces), 

63 + 07(65 + 62 + 6(66 + 67) + ces), 

in the case i = 26 

61 + 01(64 - 63 + 0(65 + 62) + 6(66 + 67) + 663), 

62 + 02(64 - 63 + 0(65 + 62) + 6(66 + 67) + ces), 

63 + 03(64 - 63 + 0(65 + 62) + 6(66 + 67) + 663), 

65 + 04(64 - 63 + 0(65 + 62) + 6(66 + 67) + ces), 

66 + 05(64 - 63 + 0(65 + 62) + 6(66 + C7) + ces), 

67 + 05(64 - 63 + 0(65 + 62) + 6(66 + 67) + ces), 

63 + 05(64 - 63 + 0(65 + 62) + 6(66 + C7) + ces), 

in the case i = 27 

62 + 01(61 - ^66 + d{e4 - 63) + 0(65 + 62) + 6(66 + 67) + ces), 

63 + 02(61 - ^66 + d{e4 - 63) + 0(65 + 62) + 6(66 + C7) + C63), 

64 + 03(61 - ^66 + d{e4 - 63) + 0(65 + 62) + 6(66 + 67) + ces), 

65 + 04(61 - 566 + (i(64 - 63) + 0(65 + 62) + 6(66 + 67) + ces), 

66 + 05(61 - 566 + d{e4 - 63) + 0(65 + 62) + 6(66 + 67) + 663), 

67 + 05(61 - ^66 + d{e4 - 63) + 0(65 + 62) + 6(66 + C7) + ces), 

63 + 07(61 - 566 + d{e4 - 63) + 0(65 + 62) + 6(66 + C7) + ces), 

where aj, j = I,-- - , 7 , are real parameters. The relation [hi, mi] C mi, 
i = 21 , • • • , 27 , yields the assertion. □ 
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4 Left A-loops as sections in simple Lie groups 


The connected almost differentiable left A-loops L with dim L <2 are clas¬ 
sified in [ 18 ], Section 27 and Theorem 18 . 14 . Furthermore, all 3 -dimensional 
left A-loops which are differentiable sections in a non-solvable Lie group are 
determined in [6]. In this section we deal with the at least 4 -dimensional 
almost differentiable left A-loops having an at most 9 -dimensional simple 
Lie group G as the group topologically generated by their left translations. 
According to Lemma [T] the group G is not compact. 

Proposition 13 . There exists no at least A-dimensional differentiable left A- 
loop having a group locally isomorphic to PSL2{C) as the group topologically 
generated by its left translations. 

Proof. Since the tangent space Tf,L for an almost differentiable left A-loop L 
is reductive only the pairs (h, m) in Proposition | 4 ] can occur as the tangent 
objects {TiP[,Tf,L), where H is the stabilizer of the identity eoi L. A max¬ 
imal compact subalgebra of the Lie algebra hs as well as of hg is isomorphic 
to so 2(M). Hence the Lie group corresponding to hs as well as to hg cannot 
be the stabilizer of e G L (cf. Lemma[ 2 |). Moreover, the hyperbolic elements 
e\ G h4 and 62 G nia are conjugate (see 1 . 1 ). This contradiction to Lemma 
[ 3 ] yields the assertion. □ 

Proposition 14 . Let G he locally isomorphic to SL^fU.). Every connected 
almost differentiable left A-loop having G as the group topologically generated 
by its left translations is isomorphic to the 5 -dimensional Bruck loop Lq of 
hyperbolic type having the group S'03(M) as the stabilizer of e G Lq. 

Proof. Since the tangent space T^L for an almost differentiable left A-loop L 
is reductive we have to investigate the pairs (h, m) listed in Propositions[ 5 l[ 6 l 
[ 7 ] and El According to Lemma [ 2 ] the Lie groups belonging to the Lie algebras 
hg, 117, hg, hso and hgg for b = 0 cannot be stabilizers of e G L. The element 

/O 0 1\ 

—eg -|- eg G h2g is conjugate to ^ei -|- 2e3 G m2g under g = \ 1 0 , 

V 1 5 0 / 

the element 62 -|- eg G 1132 is conjugate to ei -|- 2e7 — eg -|- 2e4 G under 
/O 0 1\ 

g = \ 0 — ^ 0 and eg — 67 -|- 6 (eg -|- eg) G hgg, 6 > 0 , is conjugate to 

\ 2 2 0 / 

/ 0 0 1 \ 

(6^ -h l)ei -cqA 26 (eg - eg) G me under 5=1 1 —b 0 1 . Moreover, the 

^ Vo 10/ 

element eg-l-^eg G hgi^i is conjugate to Ji°'*~^ ei-|-e2+e3-|-e4-eg-e7 G mg 


j 


_ 1 
a 

\ 

under g = 

1 

a 

-1 

1 

Vo 

a 

2+a 

2+a / 
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In the case 2 ) of Proposition [ 8 ] we choose k G iK\{ 0 } in such a way that 
I := k‘^c + /c + 5 / 0 . Then the element /(es — 2 e 8 ) G h3i^2 is conjugate to 
ei + b{e5 - 2 es) + 3/(e2 - kee) + k{e3 + c(e5 - 2 e 8 )) + - ey) G 

n _ 3fc^c+fc+3b 1 ' 

^ 3kl ^ 

k 1 0 

—k J_ 1 

31 31 ^ 

In the case 3 ) of Proposition[ 8 ]we take A: G M such that n := k‘^b — 2 k + c ^ 0 . 
Then the element n(e5 — ^68) G is conjugate to 

-kei + P{e2 + 6(e5 - ie8)) + 3fc^fe-2’fc+3c + 64 + c(e5 - ie8) + 67 G 


under g = 


nibbed under g = 


0 li 


—3fc^b+2b—3c 

3n 

-k 


1 1 

10 , 

In the case 4 ) of Proposition [ 5 ] we take A: G M such that m := A:^6 +A: + c 7^ 0 . 
Then the element m(e5 + 68) G h3i^4 is conjugate to 

{?>c + ?>k‘^b + k){ke2 - ei) + 64 - ke^ + 67 + 0(65 + 63) + k'^ie^ + ^(65 + 68)) G 
1 1 —k 

Q —3c—k—3k^h 

1 


mb,c,d under 5 = ( 

0 


3m 

k 


These facts contradict Lemma 


In the remaining case one has [mg, mg] = hg and the loop L with TgL = mg 
is a Bruck loop. The assertion follows now from the proof of the Theorem 
13 in [ 5 ], p. 12 . □ 


Since the exponential image of the Lie algebra g = SU3(C, 1 ) is much more 
complicated than the exponential image of g = s[3(M) we treat the almost 
differentiable left A-loops having PSU3{C, 1 ) as the group topologically gen¬ 
erated by the left translations under the assumption that their dimension is 
at most 5 . 

Proposition 15 . Let G be locally isomorphic to PS'[/3(C, 1 ). Every at 
most 5 -dimensional connected almost differentiable left A-loop having G as 
the group topologically generated by the left translations is isomorphic to the 
complex hyperbolic plane loop Lq having the group Spin^xS02{^)/{{— 1 , — 1 )) 
as the stabilizer of e £ Lq. 

Proof. Since the tangent space T^L for an almost differentiable left A-loop 
L is reductive we have to deal only with the pairs (h, m) described in the 
Propositions El na The complex hyperbolic plane loop Lq is realized on 
the exponential image of the subspace mi (cf. [ 3 ]) P- 8). The Lie group 
corresponding to 114 cannot be the stabilizer of a 4 -dimensional topological 
loop L (see Lemma E])- According to 1.2 the element 62 G hg is conjugate 
to 61 G mg, which is a contradiction to Lemma El Two loxodromic elements 
of 5U3(C, 1) are conjugate in SU^^C,!) if and only if they have the same 
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eigenvalues (cf. Prop. 3 . 2.3 (d) in [ 3 ], p. 65 ) and therefore they are con¬ 
jugate in SL^^C). Since the elements ey G hy and 64 G my are loxodromic 

/ 0 1 0 \ 

and Adg{e7) = 64 with g = \ 1 0 y /2 G SL^{C) we have also a 

\V2 0 1 / 

contradiction to Lemma [ 3 l □ 

At the end of this section we show that several reductive spaces (g, h, m), 
where g = 5U3(C, 1) and dim h < 2 can not correspond to an almost differ¬ 
entiable left A-loop. 

Proposition 16 . There is no almost differentiable left A-loop corresponding 
to one of the following triples: (g, hi2, mi2) in Proposition\T^ and (g, h, ma) 
in the case 6) as well as (g, h, mb) in the case 7 ) of Provosition \JE. 

Proof. Since the elements ei G hi2 and 62 G mi2 are elliptic in a subalgebra 
isomorphic to S03(M) of g (see 1 . 2 ) they are conjugate under Ad PSU3{C, 1 ). 
Since he element es G h in the case 6 as well as cq + ej + ceg G h, c 7 ^ 0 , 
in the case 7 of Proposition [ 12 ] is hyperbolic in a subalgebra isomorphic to 
s[ 2(M) of g (see 1 . 1 ), we have that eg and ey G m^ respectively cq + ej + ces 
~ \/2+2A ~ ^ conjugate under Ad PSUg{C,l)- This 

contradicts Lemma O □ 

5 Reductive loops corresponding to semi-simple 
Lie groups of dimension 6 

Let G = Gi X G2 be the group topologically generated by the left trans¬ 
lations of a connected almost differentiable left A-loop L, such that Gi, 
i = 1 , 2 , is a 3 -dimensional quasi-simple Lie group. In contrast to the non¬ 
existence of 3 -dimensional almost differentiable left A-loops belonging to G 
(cf. Propositions 5 and 8 in [6]) we will show that there are such loops L with 
G = Gi X G2 as the group topologically generated by the left translations if 
dim L > 4 . 

The following fact is well known from linear algebra: 

Lemma 17 . Let g = gi 0 g2, where gi, i = 1,2 are simple Lie algebras 
of dimension 3 . For any subspace m with dimension 4 respectively 5 the 
intersections m n gi and m n g2 have dimension at least 1 respectively at 
least 2 . 

The fact that the coset space G/H is parallelizable is reflected in the fol¬ 
lowing lemma. 


24 




Lemma 18 . Let G he isomorphic to the Lie group Gi x G2, such that 
G2 = 503 (M) and for the subgroup H of G one has H = Hi x H2 with 
^ H2 < G2- Then G cannot be the group topologically generated by the 
left translations of a topological loop. 

For the proof see Lemma 2 in m , p. 5. 

First let G be locally isomorphic to S'03(M) x SO^fR). Since the at most 
2 -dimensional connected subgroups of G are tori and dim L > 4 Lemma [ 2 ] 
gives 

Proposition 19 . There is no left A-loop as differentiable section in a group 
locally isomorphic to S'03(M) x S'03(M). 

Now let G be locally isomorphic to PSL2{R) x G2, where G2 is either the 
group S03{R) or PSL2{R). Using the real basis of s[2(M) respectively of 
so3(M) introduced in 1.1 respectively in 1.2 we can choose (ei,0), (e2,0), 
(63,0), ( 0 ,eei), (0,662), ( 0 , 63) as a real basis of the Lie algebra g = sl2(M)0 
g2, where e = i with i^ = — 1 for g2 = S03(M) and e = 1 for g2 = s[2(M). 
Denote by H a subgroup of G. First we assume that H is decomposable 
into a direct product. If H has dimension 2 then with Lemma [ 18 ] we obtain 
that H is (up to interchanging the components) either C2 x { 1 } or Ki x K2, 
where Ki, i = 1 , 2 are 1 -dimensional subgroups of PSL2(R). Now according 
to 1.1 the Lie algebra h of FI has one of the following forms: 

hi = ((63,0), (0,63)), h2 = ((63,0), (0,62 + 63)), hs = ((63, 0), (0, 6i)), 

h4 = ((61,0), (0,61)), hs = ((61,0), (0,62 -h 63)), 

he = ((62 + 63, 0), (0, 62 + 63)), hy = ((ei, 0), (62 + 63,0)). 

The Lie algebras hi till h7 are subalgebras of g = s[2(M) 0s[2(K) but hy is 
also a subalgebra of g = s[2(M) 0 S03(M). 

If dim H = \ then H has the shape Ki x { 1 } with a 1 -dimensional subgroup 
Ki of PSL2(R). Then according to 1.1 the Lie algebra h of FF has (up to 
interchanging the components) one of the following forms: 

h 8 = ((63,0)), h9 = (( 6 i, 0 )), hio = ((62 0 63, 0 )). 

These algebras are subalgebras of g = s[2(M)0s[2(M) as well as g = s[2(M)0 
S03(M). 

Now we suppose that FF is not a direct product of two subgroups. In the 
case dim FF = 2 one has FF = {(x,v9(x))| x € £2}, where (/? 7^ 1 is a 
homomorphism of £2 into PSL2{R). If y? is injective then the Lie algebra 
of FF is a subalgebra of s[2(K) 0 s[2(K) and has the shape 

hii = ((61,61), (62 0 63, 62 0 63)). 

If ip has 1 -dimensional kernel then the Lie algebra of FF is given by 

hl 2 = ((6i,/c),(62 0 63,0)), 
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where k denotes either the element ei or 62 + 63 of s[2(M) or 63 of sl2(lR) H 
so 3(M) (see 1.1 and 1 . 2 ). 

In the case dim H = 1 one has H = {(/ci, if{ki))\ ki G Ki}, where Ki is a 1 - 
dimensional subgroup of PSL2(M.) and (/9 7^ 1 is a homomorphism of Ki into 
PS'L2(K) or 503 (M). Then the Lie algebra h of iL has (up to interchanging 
the components) one of the following forms: 

hi3 = ((ei,ei)), hi4 = ((ei,e2+ 63)), his = ((e2 + 63,62 + 63)), 

hi6 = ((61,63)), hi7 = ((e2+ 63,63)), hi8 = ((63,63)). 

The Lie algebra hi3 till his are subalgebras of g = s[2(M) © s[2(M) but 
hi6, hi7, his are also subalgebras of g = s[2(M) © S03(M). 

Proposition 20 . The Lie algebra g = sl2(lK)©g2, where g2 is a 3 -dimensional 
simple Lie algebra, is reductive with an at most 2 -dimensional subalgebra h 
and a complementary subspace m generating g in exactly one of the follow¬ 
ing cases: 

1 ) hs = ((63,0)), ma = ((61,0), (62,0), (0,661), (0,662), (063,63)), 

2 ) hs = ((63,0)), ms = ((61,0), (62,0), (0,661), (663,662), (0,63)), 

3 ) hs = ((63,0)), me = ((61,0), (62,0), (663,661), (0,662), (0,63)), 

4 ) hg = ((61,0)), m^ = ((62,0), (63,0), (0,661), (0,662), (ii6i,63)), 

5 ) hg = ((61,0)), m/ = ((62,0), (63,0), (0,661), (/6 i,662), (0,63)), 

6) hg = ((61,0)), nig = ((62,0), (63,0), (561,661), (0,662), (0,63)), 

7 ) hi6 = ((61,63)), nih = ((62,0), (63,0), (0,661), (0,662), {hei,{l + 11)63)), 

8 ) hi7 = ((62 + 63,63)), mfc = ((63, A:63), (61,0), (0,66i), (0,662), (62 + 63,0)), 

9 ) his = ((63,63)), m; = ((^63, (1 + O63), (ei, 0 ), (62,0), ( 0 , 66 i), (0,662)), 

10 ) hi = ((63,0), (0,63)), mi = ((61,0), (62,0), (0,61), (0,62)), 
hs = ((63,0), (0,61)), m3 = ((61,0), (62,0), (0,62), (0,63)), 

12 ) h4 = ((61,0), (0,61)), m4 = ((62,0), (63,0), (0,62), (0,63)), 

13 ) hi3 = ((61,61)), m^ = ((62,0), (63,0), (0,63), (0,62), (m 6 i, (1 + m)ei)), 

14) hi4 = ((61,62 + 63)), m„ = ((62,0), (63,0), (0,61), (0,62 + 63), (1161,62)), 

where a, b, c, d, f,g,h,k,l,m,n G K and e = i for g2 = S03(M) whereas 6 = 1 
for g2 = s[2(M). The cases 1 ) till 10 ) occur for both simple 3 -dimensional 
Lie algebras whereas the cases 10 ) till If) occur only for g2 = s[2(M). 

Proof. The basis elements of an arbitrary complement m* to hj, i = 1 , • • • , 18 , 
in g = s[ 2(M) © g2, where g2 is either s[2(M) or S03(M), are; 

In the case i = 1 
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(61+0163,0263), (62+6163,6263), (6163,61+6263), ((il 63,62 + (6263), 

in the case i = 2 

(ei + 0163,02(62 + 63)), (62 + 6163,62(62 + 63)), 

(6163, 61 + 62(62 + 63)), {dies, 63 + d 2 {e 2 + 63)), 

in the case i = 3 

(61+0163,0261), (62+6163,6261), (6163,62+6261), ((6163,63 + (i26l), 

in the case 6 = 4 

(62 + 0161,0261), (63 + 6161,6261), (6161,62 + 6261), ((6161,63+ (6261), 

in the case 6 = 5 

(62 + 0161,02(62 + 63)), (63 + 6161,62(62 + 63)), 

(ciei, 61 + 62(62 + 63)), ((6161,63 + (62(62 + 63)), 

in the case 6 = 6 

(61 + 01(62 + 63), 02(62 + 63)), (63 + 61(62 + 63), 62(62 + 63)), 

(ci(62 + 63), 61 + 62(62 + 63)), ((61(62 + 63), 63 + (62(62 + 63)), 

in the case 6 = 7 

(63 + 0161 + 02(62 + 63), 0), (6161 + 62(62 + 63), 661), 

(Cl6l + 62(62 + 63), 662), ((6161 + (62(62 + 63), 63), 

in the case 6 = 8 

(61 + 0163,0), (62 + 0263,0), (0363,661), (0463,662), (0563,63), 

in the case 6 = 9 

(62 + 0161,0), (63 + 0261,0), (0361,661), (0461,662), (0561,63), 

in the case 6 = 10 

(62 + 01(62 + 63), 0), (61 + 02(62 + 63), 0), (03(62 + 63), 661), 

(04(62 + 63), 662), (05(62+ 63), 63), 

in the case 6 = 11 

(63 + 0161 + 02(62 + 63), 0161 + 02(62 + 63)), 

(6161 + 62(62 + 63), 61 + 6161 + 62(62 + 63)), 

(Cl6l + 62(62 + 63), 62 + 6161 + 62(62 + 63)), 

((6161 + (62(62 + 63), 63 + (6161 + (62(62 + 63)), 

in the case 6 = 12 

(63 + 0161 + 02(62 + 63), oiA:), (6161 + 62(62 + 63), 661 + bik), 
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(ciei + C2(e2 + 63), 662 + Cl A:), (diei + ^2(62 + 63), 63 + dik), 
in the case i = 13 

(62 + 0161,0161), (63 + 0261,0261), (0361,61 + 0361), 

(0461,62 + 0461), (0561,63 + 0561), 

in the case i = 14 

(62 + 0161,01(62 + 63)), (63 + 0261,02(62 + 63)), (0361,61 + 03(62 + 63)), 

(0461,62 + 04(62 + 63)), (0561,63 + 05(62 + 63)), 

in the case i = 15 

(62 + 01(62 + 63), 01(62 + 63)), (61 + 02(62 + 63), 02(62 + 63)), 

(03(62 + 63), 61 + 03(62 + 63)), (04(62 + 63), 62 + 04(62 + 63)), 

(05(62 + 63), 63 + 05(62 + 63)), 

in the case i = 16 

(62 + 0161,0163), (63 + 0261,0263), (0361,661+0363), 

(0461,662 + 0463), (0561,63 + 0563), 

in the case i = 17 

(62 + 01(62 + 63), 0163), (ei + 02(62 + 63), 0263), (03(62 + 63), 661 + 0363), 

(04(62 + 63), 662 + 0463), (05(62 + 63), 63 + 0563), 

in the case i = 18 

(61 + 0163,0163), (62 + 0263,0263), (0363,661+0363), 

(0463,662 + 0463), (0563,63 + 0563), 

where Oj, i = 1 , 2 , ••• , 5 , bj, j = 1 , 2 , Ck, k = 1 , 2 , di, I = 1 , 2 , are real 
parameters, 6 = i for g2 = S03(M) and 6 = 1 for g2 = s[2(M). 

Using the relation [hj,mj] C mj, i = 1 , • • • , 18 , and Lemma [T 7 ] we obtain 
the assertion. □ 

Proposition 21 . Let G he locally isomorphic to PSL2i^ x G2, where G2 is 
either PSL2{'R) or 503(M). If G is the group topologically generated by the 
left translations of a connected almost differentiable left A-loop L then L is 
either a Scheerer extension of G2 by BI2 or the direct product BI2 x IHI2, where 
BI2 denotes the hyperbolic plane loop. In the second case G is isomorphic to 
PSL2{M.) X PSL2{M). 

Proof. Since we assume that dim L > 4 we have to consider only the pairs 
(h, m) in Proposition I 2 UI Now using 1.1 and 1.2 we obtain that the ele¬ 
ment (0,61) G h3 n h4, the element (61, 0 ) G hg, the element (61,61) G hi3 
respectively the element (61,62 + 63) G hi4 is conjugate in this order to 
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( 0 , 62) G m3 n m4, to (62, 0 ) G n mj n m^, to (62, 62) G respectively 
to (62, 62 + 63) G m„. Hence there exists no global left A-loop L such that 
TgL is a reductive complement listed in the cases 4 ), 5 ), 6), 11 ), 12 ), 13 ), 
14 ) (see. Lemma [ 3 l). 


Now we consider the reductive complements m^, m^, me in 1 ) till 3 ) of 
Proposition [ 20 l First we assume that a 7^ 0 , 6 7^ 0 , c 7^ 0 . The vectors 
Vj^i = [ke^, jeej), Wj^i = (^y/kP‘ — A.'K‘^e2 + ke^, , where A: > 27 r is an 
integer, are contained in the subspace m^ for j = 3 , I = a and 6 = 1 , in 
the subspace m^ for j = 2, I = b, respectively in me for j = 1, I = c, where 
e = 1 for g2 = s[ 2(K) and e = i for g2 = S03(M). According to 1.1 and 
1.2 the images of Vj^i,Wj^i, j = 1 , 2 , 3 , under the exponential map have the 
following representatives in P5L2(M) x G2: 


mi = exp vs^a = A, 


cos^ 

a 

h 

— sm T 


sinf 

cos^ 


m2 = exp W2,,a = 


m3 = expn2,fe = ( A, 


= I 


cos ■ 


— sm 


sm • 


cos 


cosh(^e) 
— sinh (|e) 


sinh (^e) 
cosh (|e) 


7714 = exp VJ2^b = 



cosh(^e) sinh(^e) \\ 
— sinh(^e) cosh(^e) JJ’ 


ms = exp upc = 



30 sh (|e) + sinh (|e) 0 

0 cosh (^e) — sinh (^e) 


me = exp wi^c = 


/ cosh (^e) + sinh (^e) 


0 




where A = 
g2 = slA 


cos k sin k 
— sin k cos k 
For the representatives 


, e = i for g2 = 50 = 


91= [I, \ 


93 = 


92 = yl, I 
fj cosh (§6) + 


cos^ 

a 
h 

V — sm- 

cosh (^e) 
sinh (^e) 

sinh (l^) 


&lli — 

a 

cos^ 

a 


sinh (^e) 
cosh (^e) 


cosh(|e) 


whereas e = 1 for 


0 


- sinh (|e) 


we have gi = mi • hi = m2, g'2 = rn^ ■ hi = 1714, = ms • hi = rriQ such that 

hi = (A“^,I). These facts again contradict Lemma [ 3 j 


For a = 0 , 6 = 0 , 6 = 0 the complements m^, m^, me in 1 ) till 3 ) of 
Proposition [ 20 ] reduce to mo = ((ci, 0 ), (62, 0 ), ( 0 ,661), ( 0 , £62), ( 0 , 63)). The 
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exponential image exp mo is the direct product M x G 2 , such that M is 
the image of the section corresponding to the hyperbolic plane loop 1 H 12 
(cf. [T^, pp. 283-284) and G 2 is the group PS'L 2 (K) respectively 503(M) 
according whether e = 1 or e = i. Since H has the shape Hi x {!}, where 
Hi = 502 ( 1 ^) < PSL 2 {M.) the global loop Lq realized on exp mg is the direct 
product of IHI 2 and G 2 ■ 

Now we treat the complements m/j, m^, m;, h,k,l G M of the cases 7) 
till 9) in Proposition [ 20 I The reductive complement ma,a G M, nn,,b G M, 
respectively me, c G M of Lemma 12 in [6], p. 404, is in this order a subspace 
of m/i, mfc, respectively m/. Moreover, the subalgebra hig in the case 7) 
coincides with the subalgebra h in case 1) of Lemma 12 in [6], the subalgebra 
hi 7 in the case 8) is equal with the subalgebra h in case 2) of Lemma 12 
in [6], and the subalgebra hig in the case 9) coincides with the subalgebra 
h in case 3) of Lemma 12 in [6|, p. 404. Hence the same computations as 
in the proof of Proposition 13 in [6], pp. 404-406, show that for h ^ —1 
the complement m/^, for k ^ 0 the complement m^ and for I ^ {0, —1} the 
complement m^ cannot be the tangent space of a global almost differentiable 
left A-loop. 

It remains to consider the complements m/i=_i, mz=o m/=_i. 

First let e = i. Then the element ( 61 , 63 ) G hig is conjugate to ( 62 ,i 6 i) G 
m/i=_i, the element (62 -|- 63 , 63 ) G hi 7 is conjugate to (62 -|- 63 , ici) G m^^g 
and the element ( 63 , 63 ) G hig is conjugate to ( 63 ,i 6 i) G m;=_i (see 1 . 2 ), 
which are contradictions to Lemma [3l Since the exponential image of the 
Lie algebra hig has the shape Hn = {{x,x^) \ x G S' 02 (M),n G N\{0}} the 
exponential image M x S' 03 (M) of the complement m;= 0 ) where M is the 
image of the section belonging to the hyperbolic plane loop BI 2 (cf. [TH], pp. 
283-284), yields Scheerer extensions of 503 (M) by EI 2 (cf. [18], Section 2). 

Finally let e = 1. The complements mfc= 0 ) in/=_i and m;=o are 

(up to interchanging the components) equal to the vector space 

m' = (( 61 , 0 ), ( 62 , 0 ), ( 63 , 0 ), ( 0 , 61 ), ( 0 , 62 )) 

and its exponential image expm' is the direct product P5L2(M) x M, 
where M is the image of the section corresponding to EI 2 . The group 
H = {{ip{x),x) I X G iS'02(1K)} coincides with the group Hiq belonging to 
hi6 respectively with Hi^ of hi 7 if is a homomorphism from 502 (1^) onto a 
hyperbolic respectively a parabolic 1-parameter subgroup of P5L2(M). The 
subgroup iLi8 of hig has the form: H'^ = {(x", x) | x G 502(M), n G N\{0}}. 
According to [T8|, Section 2, any loop L realized on the factor space G/Hn, 
n = 16,17,18, and having expm' as the image of its section is a Scheerer 
extension of the Lie group P5L2(M) by IHI 2 . 

All Scheerer extensions having P5L2(M) x 503(M) or P5L2(M) x P5L2(M) 
as the group topologically generated by their left translations satisfy the 
Bol identity because of [[m, m], m] C m but they are not Bruck loops since 
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there is no involutory automorphism cr : g —?■ g such that cr(m) = — m and 
(T(h) = h. 

In the remaining case 10 ) in Proposition [ 20 ] the subgroup Hi of hi is the 
direct product 502 (K) x S'02(I^) and the exponential image Mi of mi is 
the direct product M x M, where M is the image of the section belonging 
to 02- According to Proposition 1.19 in [ 18 ], p. 28 , the loop L is the direct 
product IH2 X H2. □ 
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